Abstract: In this work, the metric of a new multistage colour vision model, ATTD05, is assessed and a new colour difference formula is suggested. Firstly, the uniformity of the ATTD05 colour space was compared with that of CIECAM02 for some Munsell samples, because if the model yields a uniform perceptual space, we will be able to implement a colour difference formula as a Euclidian distance between two points. Secondly, we developed a new space based on the perceptual descriptors of the model: brightness, hue, colourfulness, and saturation. After that, we calculated the free parameters of the space that better fit the measured and experimental data of two datasets (small-magnitude and large-magnitude colour differences), by minimizing the performance factor (PF/3). Finally, we compare colour differences calculated for ATTD05 and for other models. The PF/3 and the STRESS parameters were used to decide which model predicts better perceptual differences and, therefore, which model was the more uniform.
INTRODUCTION
One purpose of colour vision models is to predict perceptual descriptors of colours under different viewing conditions. There are two main types of colour vision models: colour appearance models [1] [2] [3] [4] [5] [6] [7] and neural models. [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] Both predict perceptual descriptors, but the difference between them is that neural models also try to follow the stages of the visual system. However, quite often evaluating colour differences between two samples is more important than obtaining numerical values of perceptual descriptors. Initially, separate models [18] [19] [20] [21] [22] [23] [24] were developed to fit colour appearance and colour difference data. However, the perfect solution would be to obtain a single model, which could reproduce both perceptual descriptors and colour differences. For instance, CIECAM02 22 is the latest colour appearance model adopted by the CIE, and recently Luo et al. 23, 24 have published a colour difference formula for this model. Our aim is to determine whether a good colour difference formula can be obtained from ATTD05 25, 26 (see Appendix A), which is a neural multistage colour vision model. To obtain such a formula, we follow the same strategy as Luo et al. with CIECAM02.
In this article, we briefly describe the ATTD05 neural model. After that, using a set of samples from the Munsell Atlas, which we assume to have an Euclidian metric (but see Indow 27 for details), we study the uniformity of the perceptual space of the model in comparison with the perceptual space of CIECAM02, because if the model yields a uniform perceptual space, we will be able to implement a colour difference formula as a Euclidian distance between two points.
Secondly, a colour difference formula is implemented using the last stage descriptors of ATTD05 and three free scaling parameters. The minimization of the performance factor 28 (PF/3), which is a statistical parameter that measures the goodness of fit, was used to calculate these free parameters to fit small-magnitude and large-magnitude difference datasets. These datasets are the same used by Luo et al. 23, 24 The small-magnitude colour differences (SCD) were used to develop the CIE 2000 colour difference formula CIEDE2000. 29 On the other hand, the largemagnitude colour differences (LCD) were accumulated by several authors for other works: Zhu et al., 30 OSA, 31 Guan and Luo, 32 BFDB, 33 Pointer and Attridge, 34 and Munsell. 35, 36 Finally, we compared colour differences predicted by both models with perceptual colour differences. For that, we calculated the performance factor 28 (PF/3) and the standardized residual sum of squares 37 (STRESS), which are used to compare different models 28, 29, 38 and so we can decide which model better predicts perceptual colour differences.
DESCRIPTION OF ATTD05

ATTD05
25,26 is a neural model that tries to predict the perceptual descriptors of colours under different viewing conditions, following the stages of visual system. A schema of this model including the relevant formulae, appears in Fig.  F1 1, and a library for Matlab 1 may be downloaded from the web. 39 The numerical values of the free parameters of the model were determined by minimizing a coefficient of agreement between a small set of experimental data and the predictions of the model for this data. 25, 26 The training data set did not include colour difference data.
The ATTD05 model computes the perceptual descriptors of an object, C, from its CIEXYZ tristimulus values, XYZ(C), and those of the background that surrounds it. The XYZ values are normalized so that Y is the retinal illumination in trolands. Responses of the L, M and Scones, R Con,j (C), are the result of a linear stage (computed from the Smith and Pokorny 39 fundamentals normalized to one 40 ), followed by a gain-control mechanism and a nonlinearity of the Naka-Rushton type. 41 These responses are combined to yield, after another NakaRushton type nonlinearity, an achromatic channel, (A M ret ), two opponent channels with red-green opponency but different polarities (T P þLÀM;ret and T P þMÀL;ret ) (hence the ''TT'' in the name of the model) and one opponent channel with blue-yellow opponency (D K ret ). For the achromatic channel, the nonlinearity is preceded by a subtractive adaptation mechanism. We assume that these channels would be supported, respectively, by Magno (M) cells with Type III receptive fields, Parvo (P) cells with Type I receptive fields (polarity þL2M mediated by L-on center cells and polarity þM2L mediated M-on center cells) and Konio (K) cells with type II receptive fields. [42] [43] [44] [45] [46] [47] [48] [49] For computational purposes, we need at this level to isolate the excitatory parts of T P þLÀM;ret and T P þMÀL;ret , which we denote T P þL;ret and T P þM;ret . The response of the four real The responses of these channels R V1 (C), are modified by the responses to the background by means of a subtractive process. We assume that this stage would be mediated by Type III and double-opponent cells in the blobs of layers 2 and 3 of the striate cortex. [50] [51] [52] [53] Finally, the responses of these intermediate mechanisms are recombined to generate the responses of the achromatic (A P ), red-green (T P ), and blue-yellow (D P ) perceptual mechanisms, from which descriptors for brightness, hue, colourfulness, and saturation may be computed.
METHODS
Uniformity of the Perceptual Space of the ATTD05 Model
As we have said before, we need also to calculate colour differences between two samples. For that, we shall study the uniformity of the (T P , D P )plane of ATTD05, in comparison with CIECAM02, because if the model yields a uniform perceptual space we will be able to implement a colour difference formula as a Euclidian distance between two points. To do that, we shall use a set of samples from the Munsell Atlas, because if a colour space is uniform, constant hue loci should appear equally spaced in angle and constant Chroma loci as equally spaced circles, and their common center ought to be achromatic. To measure how well these conditions are fulfilled, we have defined the following set of parameters:
1. The circularity index of the C M Chroma ring for value V, e V,C M 2. The Chroma spacing index, e V,R 3. The hue spacing index e H,V,C M 4. The dispersion index of the centers of gravity, e V,e Definitions of all these parameters are given in Appendix A and are similar to other previously used in the literature. 54 In a perfectly uniform space, the circularity indexes, the Chroma and hue spacing indexes, and the dispersion index of the centers of gravity are zero. The lower these values, the more uniform is the space. Distances used to compute these parameters, for a given Value, have as origin the position of the global center of gravity, TD(C 0 ), of the Munsell samples of that Value. If we had chosen as origin the achromatic point of the model, Chroma loci centered on a different point of the space might be perfectly circular but would yield nonzero circularity indexes. Note that the length of the vector TD(C 0 ) measures only how different from the achromatic point of the model is the center of the Munsell rings.
This difference ought to be small, because Munsell samples are equally spaced from a sample perceived as achromatic.
New ATTD05-Based Uniform Colour Space
If ATTD05 is a uniform colour space, colour differences may be computed as the distance between two points with a diagonal metric, that is, with weight factors in each coordinate. So, we propose this equation to evaluate colour differences in ATTD05:
Coefficients c 1 , c 2 , and c 3 are constants that must be computed to fit experimental results. Following the same strategy as earlier authors, the best coefficients c i must minimize the value of the performance factor, 24, 28 which measures the goodness of fit. For a perfect agreement between the visual results and predictions, CV and V AB should equal zero, gamma should equal one and so the performance factor should be zero.
Testing the Colour-Difference Equation for ATTD05
Up to this point, we have studied the uniformity of the perceptual space of ATTD05 and we have developed a colour difference formula based on the assumption that this model gives a uniform colour space. To test the colour difference formula, we have used two datasets to calculate two parameters, which are useful to compare predictions made with our colour difference formula and with other models. These parameters are the performance factor, 24, 28 (PF/3) and the standardized residual sum of squares 37 (STRESS). Both are used to compare models, but the main difference between PF/3 and STRESS is that PF/3 only evaluates the agreement between experimental and theoretical colour differences but cannot indicate the statistical significance of the difference between two colour difference formulas or spaces tested. To solve this problem, the statistical significance must be evaluated by a statistical test, the F test, for instance. On the other hand, STRESS is simpler and allows inferences on the statistical significance of two colour-difference formulae for a given set of visual data. To do that, we only have to calculate de F-test as the quotient between STRESS modelA and STRESS modelB .
The null hypothesis we have used for the F-test is the one used by Luo and coworkers, that is, ''there is no significant differences between the formulae of Model A and Model B.'' Therefore, when the F value is lower than a critical value F C , we accept the null hypothesis and hence Model A is significantly different than Model B. After that we may decide which the better model is by comparing the PF/3 or STRESS values. The critical value F C depends on the dataset, for instance, it is 0.937 for a twotailed F distribution with 95% confidence level and 3657 degrees of freedom, which are the number of colours from the SCD dataset, and 0.930 for 2954 degrees of free-dom, which are the number of colours from the LCD dataset.
RESULTS
Uniformity of the Perceptual Space of the ATTD05 Model
We have chosen the samples with constant Values, 3, 5, and 7 of the Munsell atlas. Because the conclusion reached by all Values is similar, we show a single example in the perceptual spaces of CIECAM02 and ATTD05 (Fig.  F2 2), which show that both spaces seem fairly uniform. Particularly, the rings in ATTD05 look more circular, although we can see that the center of the rings is a bit shifted away from the origin of the space. For quantitative comparisons, we have used a set of four parameters. 54 Histograms of the parameters for the Munsell samples with value 3, 5, and 7 calculated with ATTD05 and CIECAM02, under illuminant C, are shown in Figs. F3-F6 3-6. Lower circularity index occurs when rings of constant Munsell Chroma are more circular and, as we can conclude from Fig. 3 , the rings of constant Munsell Chroma in ATTD05 are more circular than in CIECAM02, except for Chroma 6 (the higher Chroma considered) in all Values. In the same way, seeing Fig. 4 , we can conclude that hue spacing is more uniform in ATTD05 than in CIE-CAM02 and this is confirmed by the lower values of the hue spacing index yielded by ATTD05 for all Values and Chromas. The Chroma spacing index (Fig. 5 ) is also better in ATTD05 for all values. The Wilcoxon signed-rank test shows, however, that the differences between models in the hue spacing indexes found are not statistically significant (significance values greater than 0.05), whereas for the circularity index the differences are either not significant or when they are (significance values below 0.05), it is ATTD05 which yields the better results, with the single exception of the Value ¼ 2 and Chroma ¼ 1 ring (not shown). The model that yields the smallest eccentricity of the centers of gravity varies with Chroma, whereas for value 3 ATTD05 yields consistently larger values for all Chroma rings. As a result, the dispersion index, which globally quantifies the stability of the centers of gravity, is notably worse for ATTD05 at the lowest value (V ¼ 3), and equal to that of CIECAM02 in the other cases (see Fig. 6 ). The position of the center of gravity for each Munsell value, TD(C 0 ), in ATTD05, is shifted from the origin $1 DE* unit, just as the centers of gravity for each Chroma ring, TD(C 0,C M ). However, these shifts are approximately of the same order than for the CIECAM02 model, except for Munsell value 3, where, although the shift is the smallest, the difference between the two models is around a factor 3.
New ATTD05-Based Uniform Colour Space
The experimental data chosen to fit the coefficients are two datasets including small-magnitude and large-magnitude colour differences, previously used by Luo et al.
29
The small-magnitude colour differences (SCD) were used to develop the CIE 2000 colour difference formula CIEDE2000 29 and include 3657 sample pairs with an average of 2.6 DE* units. The large-magnitude colour differences (LCD) were accumulated by several authors:
Zhu et al., 31 OSA, 32 Guan and Luo, 33 BFDB, 34 Pointer and Attridge 35 and Munsell 36, 37 and include 2954 sample pairs with an average of 10 DE* units.
On the other hand, following the same strategy as earlier authors, the best coefficients c i must minimize the value of the performance factor, which measures the goodness of fit. This method has been used to calculate the coefficients, C i , with both datasets, LCD and SCD. The results are shown in Table  T1 I. Finally, we only use one of them because the performance factors with these two coefficients, C i,LCD and C i,SCD , are very similar for both datasets.
Testing the Colour-Difference Equation for ATTD05
We obtained the same conclusions using the PF/3 or the STRESS factor, for this reason only one of them are shown in this work. Table  T2 II summarizes the STRESS values using the SCD and the LCD datasets. From Tables III  and  T3 IV we can conclude that ATTD05 predicts better the experimental data than CIELAB, CIE94 and CIEDE2000. 
CONCLUSIONS
We have analyzed the uniformity of ATTD05 and have compared it with the uniformity of CIECAM02, by studying loci of perceptually equally spaced samples from the Munsell Atlas, and calculating parameters that evaluate circularity, hue-spacing and Chroma-spacing properties, and the stability of the centers of gravity of constant Chroma rings. Because for ATTD05, loci of constant Chroma are more circular than for CIECAM02 (with the exception of the highest Chroma for all Values), the Chroma spacing index for all values and the hue spacing indexes for all Chromas and Values are lower in ATTD05 (but the differences between both models are not statistically significant for the hue spacing index), and the dispersion index of the centers of gravity for the rings for a given value are in the same order in both models (except for the lower Value), we conclude that the perceptual space of ATTD05 has a higher degree of uniformity than that of CIECAM02. Consequently, a useful colour difference formula could be implemented. Therefore, we have proposed a colour difference formula for ATTD05 with three constant coefficients, determined by minimization of the performance factor. Finally, we have tested the colour difference formula's predictions with two datasets, SCD and LCD, as well as the performance factor and the STRESS parameter. The results have shown that, when we use the SCD dataset, ATTD05 predicts better the experimental data than CIE-LAB, but not better than the other models. Besides, they show that when we use the LCD dataset, ATTD05 predicts better the experimental data than CIELAB and CIE94 and CIEDE2000. So, although the ATTD05 perceptual space is more uniform than CIECAM02 for tests based on Munsell samples, we still have to keep on looking for a suitable colour difference equation. But, in any case, the colour differences predicted by the ATTD05 model be not significant different than that of the CIE-CAM02 model. Critical value is 0.930 for a two-tailed F distribution with 95% confidence level and 2954 degrees of freedom.
APPENDIX A
Munsell Chromas and Munsell Values of the samples will be specified, when necessary, by subscripts C M and V, respectively. For comparison purposes, the values of T p and D p and their equivalents in CIECAM02 (a,b) were normalized, for each Value, in such a way that the mean distance between the samples of the Munsell Chroma 6 locus to their own ''center of gravity'' is six, that is, for any colour C i of the Munsell Atlas, with perceptual descriptors TD P 
are defined as follows:
where the mean radius of the Munsell Chroma 6 (C M ¼ 6) ring for the V Value considered, R V;C M ¼6 , is given by:
is the number of samples, C j;C M ¼6 , in the Chroma 6 ring for the considered Value, and
Ã is the vector defining its ''center of gravity'', C 0;C M ¼6 , that is:
For each Munsell Value, the center of gravity, TD(C 0 ), of the normalized TD descriptors is computed with Eq. (A4):
where N V is the total number of samples C j for the Value V. The radius of any sample corresponding to that Value is calculated as a distance to this center:
Circularity, Chroma Spacing, and Hue Spacing
The mean radius, R V;C M , and the circularity coefficient, e V;C M , of each Chroma ring are computed as follows:
We introduce the Chroma spacing coefficient, e V;R , to measure to which degree the rings of Munsell Chroma, C M,j , are uniformly spaced at a given constant Munsell Value, and computed as follows: 
where n V;C M is the number of Chroma rings used to compute the coefficient for a given Value. The uniformity of the hue-spacing in a given Chroma locus is evaluated by means of the hue deviation coefficient, e H;V;C M , defined as follows:
where:
Note that DH(C j ) is not a hue increment, but the distance between two consecutive hues measured in the normalized TD plane. In incomplete rings DH(C j ) and e H;V;C M are redefined to avoid regions where hues are missing.
The lower the coefficients for circularity, e V;C M , hue spacing, e H;V;C M , and Chroma spacing, e V;R , the better the circularity and the uniformity in hue and Chroma.
